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1 Probability

1.1 Convergence

Definition. A sequence of random variables (X,),, converges in probability to a random
variable Y if for all € > 0,
lim P(|X,, — X|>¢)=0

n—oo

If so, then X,, > X.

Theorem (Weak Law of Large Numbers). If X, X5, ... are independent random vari-

ables with finite mean p, then

Definition. A sequence of random variables (X,,),, converges in distribution to a random
variable X if
lim P(X, <z)=P(X <x)

n—o0

If so, then X, KNS

Theorem (Central Limit Theorem). If X, Xy, ... are independent random variables

with common cdf F', mean p < oo and finite variance o < oo, then

Vi —p) 4 N(0,1)

g

This theorem implies that the distribution of X, is approximately Normal with mean pu

. 2 . .
and variance Z- when n is sufficiently large.

Theorem (Slutsky’s Theorem). Suppose X, 4 X ~ G and Y, % 6 for some constant
0 € R. Then

L X, +Y, 5 Xx+0
2. X,)Y, 40X

Theorem (Delta Method). Suppose a, (X, —6) < Z where a, 1 0c. If g is differentiable
at 6 with derivative ¢'(6), then

Definition. Let X;, X5, ... be independent with cdf F', mean p and variance 0% = ¢(u).

A variance stabilizing transformation is a function g such that

Vi(g(X,) — g(u)) % N(0,1)

o ¢ satisfies
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2 Statistical Models

2.1 Statistical Functionals

Let Xi,..., X, be independent with unknown cdf F.
« Often, we're interested in estimating characteristics 6(F') of F'

o A statistical functional is a function 6(-) : F — R where F is a family of
distributions with F' € F

2.1.1 Substitution Principle

Given Xy,..., X, ud F, we estimate 0(F') by first estimating F' — F and substituting £

for F into O(F):
0(F) = 0(F)

If A(-) is continuous and ' ~ F, then 0(F) ~ 0(F).

Definition. A simple estimator of F’ is the Empirical Distribution Function (edf) defined
by

n

S I(X; <x)

=1

F(J:) =

Properties of the edf:

. BlE(@)] = F(2)
. Var[F(x)] _ F@)(-F(=))

n

« Since the edf is effectively a sample mean of independent Bernoulli trials, the CLT
and WLLN both hold

— F(z) = Fy(x) & F(x) for each z
— V(Fy(x) = F(x)) % N (0, F(z)(1 - F(x)))

2.2 Order Statistics

Let Xi,..., X, be independent with continuous cdf F' and pdf f.

Definition. The order statistics of X1,...,X,, are the ordered values of the X;:
Xoy =X << X

o If k = 7n for some 7 € (0,1), then X4 should tend to F~*(7) as n increases —
X =~ F~(r) for large n

Page 4
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2.2.1 Distribution of X,

The cdf of X is
P(X@x) <o) :Z< ) Y1 — F(z)]""

i=k
2.2.2 Central Order Statistics

Definition. Suppose k = k,, ~ n for some 7 € (0,1) but not too close to 0 nor 1. We

say X() is a central order statistic.

e X is an estimator of the 7-quantile F'~!(7) so expect Xy — F () as n — oo
if & 7

Theorem (Convergence in Distribution of Central Order Statistics). If (k,), is a se-
quence of integers with \/n (%" - 7') — 0 for some 7 € (0,1) and f(F~!(7)) > 0, then

V(X — FA(7)) %N( JM)

2.3 Spacings Density Estimation
Given order statistics X () < --- < X(3), define n — 1 spacings as
Dy = X(gy1) — X

for ke {1,...,n—1}.

If 7 ~ % ~ %, then X 1) ~ Xy =~ F‘l(T). Since the number of observations around
F~!(7) should increase as f(F~'(7)) increases, D}, should be smaller if f(F~1(7)) is large
and conversely larger if f(F~!(7)) is small.

2.3.1 Spacings From a Continuous F

Suppose F' is continuous. Then if £ — 7 for some 7 € (0,1) and f(F~'(7)) > 0, then

nDy,, LN Exponential with mean

1
fE(7))
2.3.2 Hazard Functions

Definition. If X is a positive continuous random variable with cdf F' and pdf f, its

hazard function is

Page 5
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. f(2) = h(z)exp (- | ne) dt)
0
Suppose X1, ..., X, are independent positive continuous random variables with hazard

function h. Define normalized spacings nX(1),(n — 1)Dy,... Dy, If % — 7 for some
7(0,1), then
(n — k)Dy, % Exponential(h(F~*(7)))

Proof. Note that
1 1-FF Y1) 1-7

WE-Yr))  f(FE-Y(r)  f(FY(7)
and since Dy, N Exponential(f(F~(7)))

(n— k)Dy — (1 - D nD;
~ (1 — T)nDk

N Exponential (}M)

by linearity of expectation. it

2.4 Kernel Density Estimation

Let w(z) be a density called a kernel. Given a kernel w, a bandwidth parameter h, define

the kernel density estimator to be

fule) = w (“25)

7

3 Point and Interval Estimation

3.1 Point Estimation

Let § = é(Xl, ..., X,) be an estimator of 6.
Definition. The sampling distribution of d is its probability distribution
e This will depend on 6

Definition. The Mean Squared Error (MSE) of 0 is
MSEy(0) = Ey[(0 — 0)%] = Vary(0) + [Biase(6)]”
o If 6 is an unbiased estimator of 0, then
MSE(6) = Vary(0)

Page 6
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3.1.1 Consistency

Definition. The sequence of estimators (6,,),, is consistent for 8 if for alle > 0 and 6 € ©,

lim P(|6, —0]>¢)=0

n—oo

. (én)n is consistent for 0 if 6, 2 ¢

3.2 Standard Error

Assume 0 is an estimator of 6.

Definition. The standard error of f is the standard deviation of the sampling distribution
of 6 and is denoted se(f).

A

Often, se(f) includes unknown parameters (since the sampling distribution is dependent
on 0), so we have to resort to estimating the standard error. There are 2 methods for
estimating: the Delta Method and Jackknife.

3.2.1 Delta Method Standard Error Estimator

Let Xi,...,X, be independent with some unknown cdf F. Suppose 0 = g(X). If g is
differentiable, by the Delta Method

n

= o)~ (0,100

where 02 = Var(X;). Then since we can estimate o2 with 5%, by the substitution principle,

we can estimate standard error with

where S := v/ 52.

e Idea is to use the Delta Method to obtain a sampling distribution of 0, and then

estimate the standard error using the substitution principle

3.2.2 Jackknife Standard Error Estimator

Suppose 0 = é(Xl, ..., X,) is an estimator of #. Define the leave-one-out estimator 0_;

as

A

G,Z‘ - é(Xl, ce ,Xifl,Xi+1, ‘e ,Xn)

Suppose we can approximate 6 as a sample mean
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where ¢ is unknown. Then the leave-one-out estimators satisfy

Y ow(X

J#J

n—l

Since ¢ is unknown, define pseudo-values

A

¢ =nb — (n — 1)é—i ~ o(X;)

which are used to recover ¢(X;).

Given pseudo-values ¢1, ..., d,, the Jackknife Standard Error estimator is defined as
n % 1 n %
N n — N N
se(d = 0_; —0,)*
=0~ (2 or) = (g -e)
where
=230
n —1

=1

3.3 Method of Moments Estimation
Consider X7, ..., X, with joint pdf/pmf
flzy, .o xn; 01, ..., 0k)
for an unknown finite number unknowns 61, ..., 0.
3.3.1 One Unknown
Find a statistic T'(X7, ..., X)) such that
Eo(T(Xy,...,X,)) = h(0)

where h has a well-defined inverse. Then propose an estimator

D>
>
=

3.3.2 k unkwnowns

If we have k unknown parameters, then we need & moment conditions
o Ensure that there is an injective mapping between the #; and the moments

We can also use quantiles as moment conditions: If X,...,X,, are independent with cdf
Fy and F; (1) = h(f), then we can define § = h="(Xy)) where k ~ nr.

Example:

Page 8
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Suppose X,..., X, are independent with pdf

Az L exp(Ax)

f >
o) or x >0

flz;o,A) =

where A, & > 0 are unknown. Note that

Set

Then

3.4 Interval Estimation

Let (Xi,...,X,) have a distribution with unknown parameter #. Interval estimation is

when we define an interval
Z=[UX1,...,Xn),u(Xy,..., X,)]

that we believe will contain 6 with probability 1.

3.4.1 Confidence Intervals

Definition. An interval Z = [[(X1,..., X,,),u(Xy,..., X, )] is a confidence interval with

coverage 100p% if
P0el)=p V€O

3.4.2 Pivotal Method

Let Xi,...,X, be independent with unknown cdf F. Estimate 6 = 6(F') by 0 with
0~ N8, [se(9)])

If se(0) is a good estimator of se(d), then

0—0

se(f)

L N(0,1)

The idea of the pivotal method is to find a random variable g(Xi, ..., X,,0) with a

distribution independent of # and any other unknowns

e g(Xy,...,X,,0) is called a pivot

Page 9
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Given a pivot, choose a, b such that
p= Pﬁ(a < g(Xh e 7Xn79) < b) = G(b) - G(_a)

where G is the cdf of g(Xi,...,X,,60) and is completely known. From this, we can

manipulate to
p=DPp(l(Xy,..., X,) <0 <u(Xy,...,X,))

Choosing g(Xj,...,X,,0): If we have a point estimator 0, select g(é, 0) such that its
distribution is independent of 6.
Choosing a, b: If GG is cdf of the pivot, default is defining a, b such that

_1+p

Gla) = =P G :

We want the CI to be as short as possible, so we have to minimize the distance b — a.

3.5 Maximum Likelihood Estimation

Model: Let (X, ..., X,) be random variables with joint pdf/pmf

flxy, o201, .., 0k)

where 64, ...,0, are unknown parameters.

Define the likelihood function for fixed data zq,...,z, as

£(61,...,9k) :f(wl,...,xn;Gl,...,Hk)

Definition. Suppose for each x = (21, ..., 2,), (1T1(x), ..., Tk(x)) maximizes L(0y, ..., 0).
The MLEs of 04,...,0, are
0; = Tj(x)

for all j € {1,...,k}.

e The MLE need not be unique nor exist

3.5.1 Sufficiency

Definition. A statistic 7' = (T1(X), ..., T,,(X)) is a sufficient statistic for 0 if the con-
ditional distribution of X given T" = ¢ depends solely on ¢ and not 6.

Theorem (Neyman-Factorization Theorem). Suppose the joint pdf/pmfof X = (X,..., X,,)
is f(z;0). The statistic T' = (T1(X), ..., T,,(X)) is a sufficient statistic of @ iff

f(@;0) = g(T(X); 0)h(x)
where h doesn’t depend on 6.

Page 10
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3.5.2 Computing MLE

There are 2 scenarios depending on the parameter set ©.

1. £(0) is differentiable and © is open. Then 0 is the MLE if it satisfies the likelihood

equation

d
5 m(L(6)) =0

2. 0 occurs on a boundary:

e ) coO

e 0 is an extreme of the data (ie: § = X))

3.5.3 One parameter models

Let X3,...,X, be random variables with joint pdf/pmf f(z1,...,2,;0) where § € © is

unknown. Consider the likelihood function

LO) = f(xy,...,2,;0)
which is maximized over © by the MLE. If © is open and L differentiable, then we can
determine 6 by the likelihood equation

d
5 In(£(8)) = 0

Given the MLE 6, defined the observed Fisher information as

The Fisher information tells us about the absolute curvature of the log-likelihood function
at its maximum; the greater the curve, the more well-defined the MLE is, thus as Fisher
information increases, uncertainty in the estimate decreases.

3.5.4 Theoretical justification of MLE

The MLE 4 = én maximizes
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over O. It also maximizes

(o) - meen)) = + 3o (L5 = o0

By the WLLN, for each 0 € O,
f(Xi50) \ » [ <f(Xz‘§9) )]
In = Ey, |In| 75 || =: 0(6
s (fiay) B o ()| = o0
Proposition (Jensen’s Inequality). If g is strictly concave (ie: ¢” < 0), then
E[g(Y)] < g[E(Y)]
with equality iff Y is constant.

Claim. 0 = ¢(fy) > () for all 0 # 6.

Proof. Suppose f is a pdf without loss of generality. By Jensen’s Inequality, since In(z)

is strictly concave, for 6 # 6,

p(0) = Ej, [m <m>]

<In <E0o <m>>
([ friype)
~n( 0 dw>

=0

as required. =1

Since, f,, maximizes @, (#), which converges in P for each 6 to ¢(#), which is maximized

at 0 = 6, this justifies 0 as an estimator of Bo.

3.5.5 Consistency of MLE

If the MLE is a function of a sample mean, then 0, = g(Xn) B og(po) = by if g is

continuous.

« Since conditions on f(z;0) and © facilitate consistency, assume consistency of (6,,),.

3.6 Asymptotic Normality of MLEs

Let X1,...,X, be independent with pdf/pmf f(x;8) for some § € ©. Assume

Page 12
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e O is open
e A={z: f(x;0) > 0} is independent of ¢

o l(z;0) = In(f(x;0)) is 3 times differentiable WRT @ for all x € A with derivatives
U(z;0),U"(x;0),1" (x;0).

If 0y is the true parameter, then

V(b —6)) S5 N (0, ](190)>

where I(6y) = Var[l'(x;0)] = —E[l"(x;0)] Notice that this implies

by log identities. Since the MLE is approximately Normally distributed, the Cls are
based on the pivot

e VORY

se(0)

We can also use the approximate pivot

2(In(L(0)) — In(L(6)] ~ nI(0)(6 — 0)* ~ X}
thus the approximate 100p% CI is
{0 2[In(£()) — In(L(9))] < g}

where g, is the pth quantile of the x7 distribution.

3.6.1 Bartlett Identities

Suppose f(z;0) is a pdf and let A = {x : f(x;0) > 0} be independent of 6, thus for all
0 €0,

;0)de =1
/ fla:6)da
thus taking any kth order derivative of / f(x;0) dx would equal 0. If we suppose we can
A

differentiate under the / sign, the Bartlett identities hold:

d* ok
W/Af(x;é’)dx:/flwf(x;e)dx:()

The k£ = 1 and k = 2 identities imply that Var[l'(z;;0)] = —FE[l"(x;;0)], which is what

we would expect.

Page 13
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3.6.2 Invariance of the Likelihood to injective transformations

We know that if X;,..., X,, are independent, then the MLE é, under regularity conditions
on f(x;0), is asymptotically Normally distributed with

A 1
i (0 2705)
where I(6) = Var[l'(X;;0)] = —E[l"(X;;0).
What if X4,..., X, aren’t independent?
Suppose that the Xi, ..., X, have joint pdf/pmf f(xy,...,2,;6). DefineY = (Y1,...,Y,) =
9(X1,...,X,) where
91(x)
gx) =
gn(X)

is an injective function.

Claim. The likelihoods for 6 based on x and y = g(x) are the same up to a multiplicative

constant:

L(0]x) = L(O]y)K(y)

where K is independent of 6.

o In the discrete case, take K(y) =1
« In the continuous case, take K (y) =Jacobian of g~!(y)

e The MLE based on z,...,z, is the same as the MLE based on v, ...,y,

If the X4,..., X, are dependent but the Y7,...,Y, are independent, then we can still
apply iid theory to the MLE, such as using Fisher information to estimate standard

CITOorsS.

3.6.3 More general MLE

Suppose (X1, ..., X, ) have joint pdf/pmf f(xy,...,z,;0). We can rewrite f(xy,...,z,;0)
as a product of conditional pdfs/pmfs.:

n

f(fﬂl, e ,xn,e) = f(xl, 9) H f($i|$1, RN 7 0)

i=2
Thus, the log-likelihood function is

n

In(L(0)) = l(x1;0) + Zl(wi|x1, cey T3 0)
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If 6y is the true parameter value, then I'(Xy; 6y) and I"(X;| X1, ..., X;_1;0) for i > 2 each
have mean 0 and are uncorrelated. Additionally,

n

Zl/(Xi|X1> . 7Xi—1; 90)
é— 00 ~ —i:nl
lel(Xi’Xl, [N ,Xifl; 9)

i=1

e The numerator is the sum of uncorrelated random variables with expected value 0,

so should be approximately Normally distributed

o The variance of the numerator is equal to the negative expected value of the de-

nominator
Thus 1
Var(é) ~ <— Z l”(Xi‘Xl, . ,Xl',l; 60))

i=1

which implies

N
|
|
SR
g%
.
=
—
o
—~
>
S—
S—
N——
|
N =

se(f) = (— DXl Xy, X é)

=1
3.7 Misspecified Models

Suppose X1, ..., X, are independent with pdf/pmf f(x;8) for some § € ©. Suppose the
true pdf/pmf is some g(x) # f(x;0) for all § € ©.

o This model is a misspecified model

o Ideally, we want g(x) ~ f(z;6p)

Define 6 as the solution to

d
g m(L(®) =0

Since 6 is the MLE, then 6 = 0, also maximizes

=1 3o (77

By the WLLN, for all § € ©,

on(0) B o(0) = E, [ln <f(X" e))}

9(X;)
Define 6, to be the value of # maximizing ¢ over ©.
o This is consistent with the theoretical justification of the MLE
This implies
Ey(I'(Xi360)) =0

Page 15
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3.7.1 Asymptotic Normality of the MLE in a misspecified model

For a misspecified model, the asymptotic normality of the MLE is a bit different. Suppose

the regularity conditions of asymptotic normality of f for a specified model hold. Then

N . JQ(QU)
‘%”‘@”N(Q@%J

where

SO

3.8 MoM vs MLE

Suppose the regularity conditions for asymptotic normality of MLEs holds and that
Eylg9(X;)] = ¥(0) where 1 is injective.
MoM:

From the CLT, we know that

w{iiﬂ&ww@)iNuwW@&m

Page 16
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From the Delta Method,

~ d 200y . Vare(g(Xs))
Vn(, —0) SN (0,0 () := OE )

This implies that

For the MLE, since
N 1
0, — ) - —
Vvn( )%N(O,](Q)>

we have

0, —0\ 4
N (@ _9) 5 N3(0,C(0))

n

where N> denotes the bivariate normal distribution and C(f) is a 2 x 2 covariance matrix
defined as

By the Cauchy-Schwarz,
(Covelg(Xi), I'(X30)])* < Var[g(Xy)]Var[l'(X;;0)] = o*(0)[¢'(0)]*1(0)

SO

2 a?(6)
n(0) < 0
Furthermore
' d
z/
:/ g(x)
:/ :0) dx
= Ep[g(Xi)l'(Xi;0)]
= Cov[g(Xy),l'(Xi; 0)] since E[l'(X;;0)] =
Thus, 1 1
n(0) = ](0)¢/(0)C0V[Q(Xi),l’(XZ-;H)] =

Page 17
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But since we also showed that 2(9)
29y < 2
this implies that
1 a?(0) - 1 o?(0) ~
< Vary(0) = < = Vary(0
2o = Te) o w0 =Trm s aro (0)

which shows the MLE has a lower standard error than MoM
e This means the MLE is a better estimator of than the MoM

Definition. Estimators (6,), are efficient estimators if

R 1
Vb, —0) 5 N (0, ](9)>

3.9 Bayesian Inference
Bayesian approach: Quantify a priori information about 6 via probability distributions

o Think of f(z1,...,z,;0) as representing conditional pmf/pdf of (X3,...,X,,) given

a value of # where 6 has some probability distribution on ©
flz, . x0;0) = f(z1,. .., 2, | 0)

The information about 6 is given through a priority density function 7 (6).

Theorem (Bayes’). Suppose 6 is discrete-valued with prior pmf 7() on © = {6,,..., }.

Then the posterior density function is

T(0;)f (21, ..., 203 0;)

ﬂ-(Qj ’ Ty, . ,l’n) = S W(Qk)f<x17 ey T 9k>
= c(xy, ..., x,)m(0;)L(6;)
xX W(QJ)E(GJ)

where )

c(z1,. . my) = | w(0k) f(z1, .. 0; b))

k
For a continuous parameter space, define the posterior density by

o w1(0)f(z1,. .., 105 0)
(@@ wa) = Jom(s)f(x1,...,xn;8)ds
=c(x1,...,x,)7(0)L()

o 7(6)L(6)

Page 18
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where )

c(xy, ..., xp) =

/@W(S)f(xl, cey Ty S) ds )

The reason we have a function ¢(x) is to normalize 7(6)L£(#) such that 7(6 | x) is a
pdf/pmf.

The general framework of Bayesian inference is to use the prior information on the pa-
rameter ¢ in the form of the prior distribution and then observing the information on 6
after collecting data (through the posterior distribution).

If we have multiple parameters (61, ..., 0;), the general framework is the same.

w01, ..., 0k |1, .. ) =c(x,. ., x)T (01, ..., Ok)L(O, ..., Ok)

3.9.1 Choice of prior

 If © is bounded, we can set 7(6) = d for some constant d for 6 € ©

Conjugate priors

Given a model, choose a prior density such that the posterior density has the same form

as the prior

where o is dependent on (x1, ..., xg).

3.9.2 Bayesian Interval Estimation

Definition. Given a posterior density (0 | x1,...,x,), an interval Z = Z(x) is a 100p%

credible interval for 6 if
/ 70| zy,...,x,)d0 =p
T(X)

Definition. A 100p% credible interval Z is a 100% highest posterior density for 6 if for
alld € Z and ¢ ¢ T,

70 x1,...,xn) > 70 | 21,...,20)

Note that the coverage of a confidence interval is defined in terms of the distribution of

X while the coverage of a credible interval is defined in terms of the posterior density.

3.10 Bias and Variance Tradeoffs

Recall that the mean squared error is defined as
MSEq(0) = Eo[(0 - 6)’]

which can be rewritten as

Var(0) + Biasy(f)?
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In a parametric model, the variance component of the MSE is typically much larger than
the bias squared component. However, if the model is a poor approximation or contains
outliers, then the bias may pose an issue. A bias-variance tradeoff usually occurs in a
non-parametric estimation where tuning parameters are being used. To combat this , we
can use a “divide and conquer” method: Divide the data into k£ subsets of size m and
define

where 91 is based on the ¢th subset.

3.11 Non-parametric Regression

Model: Y; = g(X;) +¢; for i = 1,...,n where g is unknown but smooth, the ¢; are

independent with mean 0 and variance o%. We estimate g(x) by

Elj(z)] = ilwxxw(m - ilwxx)g(xz)

Thus,
Bias[j(z)] = sz(x)[g(%) —g(z)]

To make bias small, we set w;(z) close to 0 when |g(x;) — g(x)]| is large and w;(z) larger
when the distance is small. Since we assume g is smooth, the size of |g(z;) — g(z)| directly

relates to |x; — z|, which minimizes error in our regression.

3.11.1 Smoothing Matrices
In matrix form,
g(@1) wi(zy) oo we(z) | V1
g(n) wi(zn) - wa(Ta)| |Ya
where S is the smoothing matrix. Then

g-9=8(g+e)—g=(S—-1I)g+ Se
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which represents the bias-variance trade-off (the (S — I')g term represents bias, the Se

represents variance).

4 Hypothesis Testing

A hypothesis test involves comparing a simple model to a more complicated one
o Comparing the null hypothesis, Hy, to the alternate hypothesis, H;
There are 2 types of error:
Type I Rejecting Hy in favour of H; when Hj is true
Type II Accepting Hy when H; is true
The goal of a classical hypothesis test is the minimize the probability of Type II error

subject to a bound on the probability of a Type I error.

4.1 Power of a Test

Definition. The power of a test is the probability of rejecting H.

If Hy is true, then
power = P(Type I error)

If P(type I error) < «, then « is the level/size of the test.

o If Hy is true, then power = 1 — P(Type II error)

4.1.1 Formal Setup of a Hypothesis Test

Let X = (Xy,...,X,) have a joint pdf/pmf f(z;0) for some 6 € ©. Split © = Oy U O,

where Oy and O, are disjoint. We want to test
Hy:0 €06, H,:0ec06,

at level a.

Define the power function power(6) < By[reject Hy).
« If 0 € ©p, then power(d) < «
o If § € ©4, then power(f) = 1 — Py[type II error]

Define ¢(X) to take values 0 and 1 such that

©(X) =0 = accept Hy
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o(X) =1 = reject Hy

thus the power(f) = Ey[p(X)] = Po(e(X) = 1). So, we want ¢ such that Pp(p(X) =
1) < a for all § € .

The goal is the maximize power Ey[p(X)] for 6 € O, over all a-level test functions.
Example:

Consider the following simple model: Suppose O takes only 2 possible values {6, 6;}.
Define fo(x) = f(x;6y) and fi(x) = f(z;6,) and consider the test

Ho: X ~ folx)  Hi: X~ fiz)
If (X)) is an a-level test function, then ¢ satisfies
Eylp(X)] = [ o(@)fo(a)dw < a
Thus, we want to find ¢ that maximizes
Eilo(X)] = [ ¢(@)filx) da

subject to the above constraint.

4.2 Neyman-Pearson Lemma

Suppose © takes only 2 possible values {6,0,}. Define fo(x) = f(z;6p) and fi(x) =
f(z;6;) and consider the test

Hy: X ~ fo(x) Hy: X ~ fi(x)
For some finite & > 0, define the test function
1 if £ >k
o (z) = oty
() -

e fi(z)
0 if @) <

and set a = Fy[p*(X)]. ¢* maximizes E[p(X)] over all test functions ¢ with Ey[p(X)] <

a.
 In other words, ¢* is the most powerful (MP) a-level test of Hy vs. H;

e The test statistic is
o @) _ L6)
fo(z)  L(0o)

In practice, we want k such that o = P (CEZ;; > k:) to define the MP «-level test

)
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Consider the following one-sided testing problem: Let Xi,..., X, be independent Expo-

nential random variables with parameter A. We want to test
Hy: A< A Hi:A> A

First, we look at
Hj: A <A Hi: A=A >\
The N-P lemma gives us the MP a-level test of Hj vs H{. For this test, the test statistic
is " .
T(X) = (;‘1) exp [(7\0 ) ZX,}
0 i=1
Note that T'(X) is a decreasing function of > | since Ag < Ay, thus the MP test of H|

vs Hj rejects H| at level « if

=

ZXZ S k where P?\o [ZXZ S k
=1 i=1

Since
1. The MP a-level test of H) vs Hj is the same for all A} > A

2. For A < }\07

=1

the MP a-level test of H) vs H{ is (from 2. above) an a-level test of Hy vs. Hj, and
furthermore a uniformly most powerful (UMP) a-level test of Hy vs H;.

Now suppose the scenario is a two-sided test:
Hy: A=A\ Hy:N#£ Ay
In this case, the MP a-level test of
Hj: A= X H A=\
depends on if Ay > Ag or A1 < Ag.
o If Ao < Aq, wereject if 30 | X, < Ky
o If Ag > Ay, we reject if 377 | X; > ko

This shows there is no UMP test of Hy vs. H;.
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4.2.1 Likelihood Ratio Test

Let X = (X3,...,X,) have pdf/pmf f(x;0) where = (64,...,0,) € ©. Suppose Oy is a
lower-dimensional subset of ©. Define the Likelihood Ratio Statistic

A= Supgeo f(2;0) _ f(x;é)
Spgee, [30)  f(a:6))

where @ is the MLE of 6 and 90 is the MLE under Hj.
Reject Hy at level a for A > k, where

sup Py(A > k,) < «
[ASSH

e 2In(A)~ 2, where p = dim(©) and r = dim(©,)

Example:
Suppose that Xi,..., X, S

N (i1, 0%) and we want to test
HQ:IUZO Hl M?éo

at level a.. The likelihood function is given by

1 1 &
L ,02 = exp | —— z; — p)?
(1, 0%) el e Z;( )
The unrestricted MLEs are
_ 1 _
p=X ==Y (X,—-X)
n

while under H,, the MLEs are

52\ 2 nX? 1 X\’
A=(2) =1 I T S (i
(#) =1 s s ()

which is an increasing function. Note that the quantity

X
S/v/n

has Student’s ¢,_; distribution, thus 7% has Snedcor’s F},_; distribution. By the LRT,

we reject Hy for large values of Hy, thus we observe the quantiles of F} ,_; distribution.

T —
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4.3 p values

Define tests for all a € (0, 1).

Definition. The p value is the smallest a for which we reject Hy (any a-level test for o

less than the p value will always accept Hy)

For given data =,
p value = Py (X is more extreme than z) = Py, (T(X) > T'(x))

where T'= T'(X) is a test statistic.
Suppose we test Hy : 6 € ©g and H;y : 0 € ©1. For each « € (0,1), define test functions

1 if X eR,

Pal(X) =
0 if X ¢ R,

where Fy[po(X)] = Po(X € R,) < a.
e R, is the rejection region of the a-level test

The rejection regions {R, : a € (0,1)} are nested such that R,, C R,, if a1 < as.

Define the p value as
L(z) = inf{a: x € Ry} = inf{a : R, is nonempty}
o We often use the p value in favour of H; over H

sec

4.3.1 Stochastic Ordering

Definition. Suppose F' and G are cdfs. F' is stochastically greater than G, denoted
F =, Gif F(z) < G(x) for all .

e f F = Gand G =4 F, then F =G
o In terms of quantiles, F =, G if F~1(¢t) > G~(t) for all ¢

Proposition. Define L(X) to be a p value based on a family of rejection regions {R,, :
a € (0,1)}. Then for any 6 € Oy,

L(X) =, Unif(0,1)
Corollary. If there exists some 6 € Oy such that 5[X € R,] = a for all « € (0,1), then
Py LX) <a]=a
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o This implies that under parameter 6, the p value is Unif(0,1) distributed

 For good tests, L(X) <, Unif(0, 1) when H; is true

4.3.2 Combining p values

Suppose now that the same Hy vs H; testing problem is considered in m independent
studies. Let the p values be Ly, ..., L,,, which are independent random variables on (0, 1)
with distribution G.

o Under Hy, G = Unif(0,1) or G >, Unif(0, 1)
o Under H,, G < Unif(0, 1)

Thus, we can rewrite the testing problem as
HO G = Umf((), ].) H1 -G <s Umf(O, ].)

so we need a test statistic based off Ly, ..., L,,. Suppose T'= T'(Ly, ..., L,,) be such a
test statistic. If we reject Hy when T is large, then T'(ly,...,[,,) should be a decreasing

function in each ;.

4.4 Multiple Hypothesis Testing

Consider testing H\"” vs H® for k =1,...,m. Let ¢1(2), ..., os(x) be the test functions

of each test:

1 reject Hék)
pr(X) = *)
0 accept H,

and define ay, = Ey[pg(x)]. How can we choose ay, such that false rejections of H¥ can
be avoided?

4.4.1 Family-Wise Error Rate

Suppose all the null hypotheses are true (i.e.: the global null hypothesis holds). Define
the family-wise error rate (FWER) as

FWER(p1,. .., 0m) = Po(Fk s.t. op(X) =1)
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where Py and Ej assume the global null hypothesis holds. We want FWER(1, ..., ¢,) <
a. If the (X)) are independent, then

m

FWER(¢1,- .., 0m) =1 — H Ey[1 — o (X)]

:1_P0(901(X):07"'a90m<X):0)

thus we can get FWER (o1, ..., om) = a by taking

3=

akzl—(l—a)

Since Py(r(X) = 1) = ag, then Py(pr(X) =0) =1 — ag, so

1—P0(<p1(X):o,...,gpm(X)ZO):1—ﬁ(l—ak):1—(1—a)2:a

as required. On the other hand, if the (X)) cannot be simply assumed to be independent,

then we can use Bonferroni correction:

FWER(¢1, ..., pm) = Po(at least 1 ¢p(X) = 1)
=7 (Utan = 1) < X ptatn =1 = o

Thus, taking Ey[pr(X)] = & guarantees FWER (1, ..., om) <
The issue with controlling the FWER, however, lies in the fact that the assumption is that
all null hypotheses hold true. An alternative approach is to control the false discovery

rate.

4.4.2 False Discovery Rate

Now we no longer make assumptions about the number of true/false null hypotheses.
Define the set
S={k: H¥ is true}

where S = () is a possibility. For test functions ¢, ..., ¥,,, define
R =) ¢(X) = number of rejected null hypotheses

V =Y ¢i(X) = number of falsely rejected null hypotheses
keS

We want to minimize —, aka the proportion of rejected null hypotheses that are falsely

rejected. For the FWER, we know that V' = R since S = {all ¥ }, thus

FWER(¢1,...,0m) = Bo(V > 1)
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Define the false discovery rate (FDR) as

FDR(tpl,...,cpm):E<;|R>0>P(R>O):E<max‘(/R1)>

Once again, we want FDR(¢1, ..., ¢,) < a. Order the p values
Lay <+ < L)

Define i
k = max {k : Ly < a}
m

then reject all null hypotheses corresponding to Ly, - -, L(,;,).
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