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1 The Real Numbers

1.1 Preliminaries

Theorem. For a,b € R, a and b are equal iff Ve > 0, |a — b| < e.

1.2 Axiom of Completeness
1.2.1 Initial definition of R

« QCR
e R is a field, so commutativity, associativity and distributivity will hold

Axiom of Completeness: Every non-empty set of real numbers that is bounded above

has a supremum.

1.2.2 Lowest Upper Bound and Greatest Lower Bound

Definition. A set A C R is bounded above if there exists some b € R such that for all
a € A, a<b. bisan upper bound of A.
A set A C R is bounded below if there exists some b € R such that for all a € A, a > b.

b is an lower bound of A.

Definition. A number s € R is the supremum of a set A C R if
1. s is an upper bound of A
2. If b is an upper bound of A, s <b

If so, s = sup(A)
o inf(A) is defined similarly

e sup and inf are unique

Lemma. Assume y € R is an upper bound of X C R. Then, y = sup(X) iff for all € > 0,

there exists some x € X such that y — e < x.

1.3 Consequences of Completeness

Theorem (Nested Interval Property). For each n > 1, let I, = [an,b,] be a closed
interval such that I,,,; C I,,. Then

N 1 #0

n>1

Page 3



lan Zhang
MAT337 Notes 1008367955

1.3.1 Density of Q in R

Archimedean property

1. Given any x € R, there exists n € N such that n > x
2. Given any y > 0, there exists n € N such that % <y

Definition. A set D C R is dense in R if for any two z,y € R such that x < y, there
exists some d € D such that
r<d<uy

Theorem (Density of Q in R). Q is dense in R.

« R\ Q is also dense in R

1.4 Cardinality

Definition. A set X is countable if there exists a bijection f: N — X.
Theorem. The following are true:

1. Z is countable

2. Q is countable

3. The product of finitely many countable sets is countable.
Theorem. R is uncountable.
Theorem. If A C B and B is countable, then A is countable, empty, or finite.
Definition. The power set Z(X) is the set consisting of all subsets of X.
Lemma. For every set X, there exists a bijection from £2(X) onto {0,1}*.
Theorem (Cantor’s Theorem I). #(N) is uncountable.

Theorem (Cantor’s Theorem II). For every X, there is no surjection from X onto & (X).

2 Sequences and Series

2.1 Sequences and their limits

Definition. A sequence is a function f : N — R.

Definition. A sequence (z,),eny converges to x € R if for all € > 0, there exists some
N € N such that if n > N, |z — 2, | <e.

Page 4
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Definition. Given € R and ¢ > 0, the set V.(z) = {y € R : |z — y| < ¢} is the

e-neighbourhood around =z.

Definition. A sequence (z,),en converges to x € R if given any V.(z), there exists some
N € N such that z,, € V.(z) whenever N € N.

Definition. A sequence that doesn’t converge diverges.
Proposition. If a sequence (z,)nen converges, then so does (|z,|)nen-

Proposition. Let (z,)n,en be a bounded sequence and (y,)neny be a sequence with the
following property: there exists some R > 0 and N € N such that such that for alln > N,
|z, — yn| < R. Then (y,)nen is also bounded.

2.2 Limits, Order and Algebraic Operations

Definition. A sequence (z,)nen is bounded if there exists some M > 0 such that |z, | <
M for all n € N.

Theorem. Every convergent sequences is bounded.

Algebraic Limit Theorem

Let lima,, = a and lim b,, = 0. Then,
1. lim(ca,) = ca for all c € R
2. lim(a, +b,) =a+b
3. lim(a,b,) = ab
4. lim (Z—:) = ¢ provided b # 0
Order Limit Theorem

Assume lima,, = a and limb,, = b. Then

1. If a, > 0 for all n € N, then a > 0
2. If a, <b, for alln € N, then a < b

3. If there exists some ¢ € R such that ¢ < b, or a, <cthenc<bora<c

2.3 Monotone Convergence Theorem

Definition. A sequence (a,)nen is increasing if a,, < a,41 for all n € N and decreasing

if a,, > a,,1 for all n € N. A sequence is monotone if either increasing or decreasing.

Monotone Convergence Theorem

If a sequence is bounded or monotonic, then it converges.
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2.4 Bolzano-Weierstrass Theorem

Definition. Let (x,),en be a sequence of real numbers and let n; < ny < ... be an
increasing sequence of natural numbers. Then (z,,, Zy,,...) is a subsequence of (z,)nen

and denoted (z,, )ken-

Proposition. Subsequences of convergent sequences converge to the same limit as the

original.

Bolzano-Weierstrass Theorem

Every bounded sequence has a convergent subsequence.

2.5 Cauchy Sequences

Definition. A sequence (x,),en is Cauchy if for every e > 0, there exists some N € N

such that whenever n,m > N, |z, — x,,| < €.

Theorem (Cauchy Criterion). A sequence is convergent if, and only if, it is Cauchy.

2.6 Infinite Series

Definition. Let (z,),en be a sequence. An infinite series is an expression of the form

an::x1+...—l—xn+...

neN
The sequence of partial sums (s, ),en is given by
Sn, ::in:x1+m2+...+xn
i<n
A series converges to s if its sequence of partial sums does, i.e.: s, — s. If so, we say

an:s

neN

Theorem (Cauchy Condensation Test). Suppose (z,)nen is decreasing and satisfies x,, >
0 for all n € N. Then
Z T, converges iff Z 2" r9n does

neN neN

Theorem. If >z, =sand »_ y, =t, then

neN neN

1. For all k € R, kan:ks

neN

2. > (@ +yn)=s+t

neN

Page 6
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Corollary. If Z x, converges, then z, — 0.
neN

Corollary (Comparison Test). Let (x,,)nen and (¥, )nen be sequences such that 0 < z,, <
yn for all n € N. Then

1. If Z yn converges, then so does Z Tn

neN neN

2. If Z x, diverges, then so does Z Yn

neN neN

Theorem (Cauchy Criterion for Series). The series Z a,, converges iff given € > 0, there
neN
exists some N € N such that whenever n > m > N,

lamer + ...+ a,| <e

3 Topology

3.1 Open and Closed Sets
3.1.1 Open Sets

Definition. A subset U C R is open if for all x € U, there exists some € > 0 such that
Vi(z) C U,

Examples:
e R
. 0
o Any open interval (a,b), a,b € R
Proposition. The following hold for open sets:
o Arbitrary unions of open sets are open

« Finite intersections of open sets are open

3.1.2 Closed Sets

Definition. A point z is a limit point of a set X if every neighbourhood of = intersects

the set X at some point other than z. Equivalently, = is a limit point of X if
(Ve(@)\{z}) n X #0
for every € > 0.

Page 7
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Theorem. z is a limit point of A if, and only it, = lim a,, for some sequence (a,)eny € A

satisfying a,, # x for all x € N.

Definition. A point a € A is an isolated point of A if a is not a limit point of A.
Definition. A set F' C R is closed if it contains all its limit points.

Example:

» Convergent sequences

e Closed intervals

Theorem. A set A C R is closed if, and only if, every Cauchy sequence contained in A

has a limit that is also an element of A.

Proof. Suppose A is closed and let (a,),eny be a Cauchy sequence contained A. By the
Cauchy criterion, (a,) converges to some limit a. If a,, # a for all n € N, then a is a limit
point of A by definition, so a € A. If for some n a, = a, then since (a,) is contained in
A a €A

Suppose then that every Cauchy sequence contained in A has a limit also contained in
A. Let x be a limit point of A. By definition, there exists some sequence (a,),en € A
such that a, # z for all n and a,, — z. Since this sequence is convergent, then it is also

Cauchy. By assumption, this shows x € A, thus A is closed. |
Definition. The closure X of a set X is defined as X together with its limit points.
Theorem. The closure X of X is the minimal closed set including X.

Proposition. A subset of R is open if, and only it, its complement is closed.
Corollary. The following hold for closed sets:

« Arbitrary intersections of closed sets are closed

o Finite unions of closed sets are closed.

Proof. By DeMorgan’s. |

3.2 Compactness

Definition. A subset A C R is compact if every sequence in A has a subsequence that

converges to some point in A.
Example
o Closed intervals

Heine-Borel Theorem

A subset K of R is compact if, and only if, it’s closed and bounded.

Proposition. The nested intersection of non-empty compact sets is non-empty.

Page 8
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3.2.1 Open Covers

Definition. An open cover of a subset X C R is a collection of open sets {O; : i € I}

whose union includes X, i.e.:
xXcyo;
iel
Given an open cover of X, a finite subcover is a finite subcollection of open sets form the

original open cover whose union still covers X.
Theorem. Let K C R. The following are equivalent:
1. K is compact
2. K is closed and bounded

3. Every open cover of K has a finite subcover

3.2.2 Perfect Sets

Definition. A subset P C R is perfect if its closed with no isolated points.

Theorem. A non-empty perfect set is uncountable.

3.3 Connected Sets

Definition. Two sets X,Y C R are separated if XNY =X NY = 0.
A set Z C R is disconnected if Z = X UY where X and Y are separated sets.

A set that is not disconnected is connected.
Examples:
« Disjoint open intervals (0,1) and (2, 3)
e (Q is disconnected

Theorem. A set Z C R is connected if, and only if, for all non-empty disjoint sets X
and Y satisftying Z = X UY, there exists a convergent sequence x,, — x such that if
(Zn)nen € X, then z € Y.

Theorem. A subset Z C R is connected if, and only if, it’s an interval.

Baire Category Theorem

The intersection of countably many dense open subsets of R is dense.

Definition. A set is F, if it can be written as a countable union of closed sets. A set is

G if it can be written as a countable intersection of open sets.

Page 9
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3.4 Cantor Set

Let Cy = [0,1] and define

-6 (3= oo

- (palo 5 3o (BB

C,_1 for all n € N. As such, each C, is equal to 2" closed intervals of length 3%
Define the Cantor set as

and so on, so each C, is constructed by removing the middle 3 of each component of

c=Cn
neN

ForallneN, 0,1 € (C,,s00,1¢€C.

o If y is an endpoint of one of the intervals of C,, then y is also an endpoint of an

interval of C,, 11, so y € C,, for all n
— (' contains at least the endpoints of all components of all C,
Additionally, C' has 0 length and is uncountable (i.e.: |C| = |R]).
Proposition. C' is compact.

Proof. Since C' C [0, 1], C'is bounded. Since C,, is a finite intersection of closed sets, each
C, is closed, so since C' is the arbitrary intersection of closed sets, then C' itself must be

closed. By Heine-Borel, C' is compact. |

4 Functional Limits and Continuity

4.1 Functional Limits

Definition. Let f : R — R and ¢ € R. We say

lim f(z) =L

T—cC
if for all € > 0, there exists some § > 0 such that whenever 0 < |z —c| < 6, |f(z)—L| < e.
Proposition. Given f: R — R and ¢ € R, the following are equivalent:
1. lim f(z)=1L
2. For every (z,)nen with x,, # ¢ for all n and z,, — ¢, f(z,) — L

Corollary. Let f,g: R — R and ¢ € R. Assume

lim f(z) =L limg(x) = M

Tr—cC r—C

Page 10
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Then,

L lim(f +g)(x) =L+ M

2. lim(fg)(x) = LM

L
3. If M # 0, then lim (‘;) () = i

4.2 Continuity

Definition. A function f : R — R is continuous at a € R if for all € > 0, there exists
d > 0 such that |z —a| < 0 implies |f(z) — f(a)| < e.

A function is continuous on a set X C R if the function is continuous at every a € X.
Proposition. For every f: R — R and a € R, the following are equivalent:

1. f is continuous at a

2. lim () = f(a)
3. If z, — a, then f(z,) — f(a)

Theorem. Let f,g: R — R be continuous at a € R. Then
1. f+ g is continuous at a
2. fg is continuous at a

3. If g(a) # 0, then 5 is continuous at a

Theorem. Given f: A - R, g : B — R and assuming f(A) C B, if f is continuous at
a € A, g€ f(a) € B, then go f is continuous at a.

4.2.1 Continuity on Compact Sets

Theorem. The continuous image of a compact set is compact.

Extreme Value Theorem

If f: K — R is continuous on a compact K C R, then f attains both a maximum and

minimum value.

Proof. Since f is continuous, then f(K) is compact, thus closed and bounded by Heine-
Borel. By Axiom of Completeness, sup(f(K)) and inf(f(K)) exist, and since f(K) is
closed, sup(f(K)),inf(f(K)) € f(K), thus max(f(K)) and min(f(K)) exist, as required.

[ |
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4.2.2 Uniform Continuity

Definition. A function f : R — R is uniformly continuous on X C R if for all € > 0,
there exists some § > 0 such that for all z,y € X, |[x — y| < J implies |f(x) — f(y)| < e.

o By order of quantifiers, 6 can ONLY depend on ¢ for uniformly continuous and

must be preset to work for any x,y € R

Theorem. A function that is continuous on a compact set K is uniformly continuous on

K.

Theorem. A function f : A — R fails to be uniformly continuous on A if there exists

e > 0 and 2 sequences (T, )neny and (Y, )nen in A satisfying

|Tn — Yu| — 0 but [ f(zn) — flyn)| > €

4.3 Intermediate Value Theorem

Intermediate Value Theorem

If f:[a,b] — R is continuous and L is a number between f(a) and f(b), then there exists
some ¢ € (a,b) such that L = f(c).

Theorem. Let f: A — R be continuous. If £ C A is connected, then so is f(FE).

5 The Derivative

5.1 Definition of Derivative

Definition. Let f : R — R and ¢ € R. The derivative of f at ¢ is defined as

oy o @) = L) fleth) = f(e)
f'(e) .= lim ———= = lim Y

T—C T —C h—0

If f'(c) exists for all ¢ € X, then f is differentiable on X.
Proposition. Differentiable functions are continuous.

Proof. Let f be differentiable on a set X. Let ¢ € X. Since f is differentiable at ¢, then

T—C €Tr — C
By the Algebraic Limit Theorem
f(z) = f(c)

lim(f(x) — £(c)) = lim

ti 1000~ ) = 100 =0

since this limit exists. This implies lim, .. f(z) = f(c), thus f is continuous at c. [ |
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Theorem. Let f,g: R — R be differentiable functions at a point ¢ € R. Then
L (f+9)(c)=("+9)()
2. (kf)(c) = kf'(c)
3. (fg)'(c) = f'(c)g(e) + f(e)d'(c)
4. Provided g(c) # 0, (ﬁ)/ (c) = —f,(c)g(cg){(g(c)gl(c)

Theorem (Chain Rule). Let f: A — R and g : B — R be differentiable functions such
that range(f) C B. Then

(go f)(c)=4d'(f(c)- f(c)
5.1.1 Darboux’s Theorem

Theorem (Interior Extreme Value). Let f : R — R be differentiable on (a, b). If ¢ € (a, b)

is an extremum of f, then f’(c) = 0.

Theorem (Darboux). If f: R — R is differentiable on [a,b] and z € R is between f’(a)
and f’(b), then there exists ¢ € (a,b) such that f'(c) = z.

5.2 Mean Value Theorem

Theorem (Rolle). Let f : R — R be a function continuous on [a,b] and differentiable
n (a,b). If f(a) = f(b), then there exists ¢ € (a,b) such that f'(c) = 0.

Mean Value Theorem

If f: [a,b] — R is continuous and differentiable on (a, b), then there exists ¢ € (a,b) such

e )~ f(a)
b — fla
f (C) - b —a
Proof. Define a function h(x) = f(z) (%(m —a)+ f(a)), so h' exists and h is con-
tinuous on [a, b]. Since h(b) = h(a), then by Rolle’s Theorem, there exists some ¢ € (a, b)
such that h'(c) =0, so

RN (UES (0

as required. [ |

Corollary. If g : A — R is differentiable on an interval A and ¢’(A) = {0}, then g(x) =k
for some k € R.

Corollary. If f, g are differentiable on an interval A and satisfy f’ = ¢/, then f(z) =
g(x) + k for some k € R.
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Theorem (Generalized Mean Value). If f,g: R — R are continuous on [a, b] and differ-

entiable on (a,b), then there exists some ¢ € (a, b) such that

(f(b) = fla))g'(c) = f'(c)(g(b) — g(a))

6 Sequences and Series of Functions

6.1 Uniform Convergence of a Sequence of Functions
6.1.1 Pointwise Convergence

Definition. For each n € N, let f,, : A — R be a function for some A C R. The sequence
of functions (f,,)nen converges pointwise on A to f: A — R if for all z € A, (f,.(%))nen

converges to x. Equivalently, (f,)nen converges pointwise to f if
Ve € A,Ve > 0,3IN € Ns.t. |f.(z) — f(x)] < € whenever n > N

o Notice that with this order of quantifiers, the choice of N can depend on € and a
fixedr € A

6.1.2 Uniform Convergence

Definition. A sequence of functions (f,),en converges uniformly on a set A to a function
f if for all € > 0, there exists N € N such that |f,(z) — f(x)| < € whenever n > N and
x € A. Equivalently, (f,,)nen converges uniformly to f if

Ve > 0,3dN € Ns.it. Vo € A, |fu(z) — f(x)| < € whenever n > N

» Notice that with this order of quantifiers, the choice of N can only depend on € and
must be preset to work for any choice of x, unlike in pointwise convergence where

N can be modified to work for any x € A

Cauchy Criterion for Uniform Convergence

A sequence of functions (f,,)nen defined on a set A C R converges uniformly on A if, and
only if, for all ¢ > 0, there exists some N € N such that for all z € A, |f,,(z) — fu(2)] < e

whenever m,n > N.

Theorem. The uniform limit of continuous functions is itself continuous. In other words,
if (fn)nen converges uniformly on A to f and all f, are continuous, then f is itself

continuous.
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6.2 Uniform Convergence and Differentiation

Theorem. If f,, — f pointwise on [a, ], each f, is differentiable and f/ — g uniformly
on [a,b], then f is differentiable with f' = g.

« Basically, if (f,)nen converges pointwise on [a, b], (f!),en converges uniformly on

[a, b], then the limit of (f,,)nen is itself differentiable and its derivative is the limit
of (f TIL)nGN

Theorem. Let (f,,)nen be a sequence of differentiable functions defined on closed interval
[a,b] and assume (f!),en converges uniformly on [a,b]. If there exists some point zy €

la, b] such that (f,,(zo))nen is convergent, then (f,,)nen converges uniformly on [a, b].

6.3 Series of Functions

Definition. For each n € N, let f,, and f be functions. The infinite series

>

neN

converges pointwise to f if the sequence of partial sums (si)ren, defined by

Sk = an

n<k

converges pointwise to f.

If (sg)ren converges uniformly to f on a set X, then Z fn converges uniformly to f on
neN

X.

Theorem. If (f,),en is a sequence of continuous functions and Z fn converges uniformly

neN
on X C R, then it is continuous.

Theorem. Let (f,)nen be a sequence of differentiable functions on an interval [a, b], and

assume

g:=> fn

neN

converges uniformly. If there exists some x € [a,b] such that > f,(z) converges, then
neN
> nen fn converges uniformly to a differentiable function with derivative g on [a, b]. Equiv-

alently,
!/
neN neN
Theorem (Weierstrass M-Test). Let (f,)nen be a sequence of differentiable functions on
a set X C R and assume there are positive real numbers (M,,),en such that for all n € N,

sup | f ()] < M,
zeX
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If Z M,, converges, then Z fn converges uniformly on X.
neN neN

7 The Riemann Integral

7.1 Definition of the Riemann Integral
7.1.1 Partitions, Upper/Lower Sums
Definition. A partition of [a, ] is a finite, ordered set
P={a=z<...<z,=0}
For each subinterval [xy, zj41] of P, let
my = inf{f(z) : z € [z, zp1]} My :=sup{f(z): z € [z, 2ps1]}

The lower sum of f with respects to P is

L(f,P) = Z My (Tpy1 — Tp)

k<n-—1

The upper sum of f with respects to P is

[](f,fv = zg: A4k<$k+4 —-xk)

k<n—1

o Clearly, U(f, P) > L(f, P)

Definition. A partition @ is a refinement of P if P C ()
Lemma. If @ is a refinement of P, then L(f, P) < L(f,Q) and U(f, P) > U(f,Q).

Lemma. If P and @ are partitions, then L(f, P) < U(f, Q).

7.1.2 Integrability

Definition. Let P* = {partitions of]a, b|]}. The upper integral of f is
U(f)=mf{U(f,P): Pe P}

The lower integral of f is
L(f) := sup{L(f, P) : P € P"}

Lemma. For any bounded f on [a,b], L(f) < U(f).

Page 16
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Definition. A bounded function f defined on [a, b] is Riemann integrable if U(f) = L(f),
and its integral is defined by

/ f=U() = L()

Theorem (e-characterization of integrability). A bounded f is integrable over [a,b] if,

and only if, for all ¢ > 0, there exists P. of [a,b] suhc that
U(f,P.)— L(f,P.) <e
Corollary. A continuous function over [a, b is integrable.

7.2 Properties of the Riemann Integral

Theorem. Let f : [a,b] — R be bounded and ¢ € (a,b). f is integrable if, and only if, f

is integrable over [a, c] and [c, b]. If so,

A%mzl%m+lvm

Theorem. If both f and g are integrable over [a, b], then

1. The function f + g is integrable on [a, b] with

b b b
/f+gdx—/fdx+/gdx

2. For every ¢ € R, ¢f is integrable over [a, b] and

LZﬁmchUwp
/abfdxg/abgdx

/abfdx S/ab|f]dx

Theorem. Assume f, — f uniformly on [a,b] and each f, is integrable. Then, f is

b b
7L11_>r£10/a fndx—/a fdx

3. If f <g, then

4. |f] is integrable over [a, b], and

integrable and
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7.3 Fundamental Theorem of Calculus

Theorem (FTC 1). If f : [a,b] — R is integrable and F' : [a,b] — R satisfies I’ = f,
then

/ fdx = F(b) — F(a)

Theorem (FTC 2). Let g : [a,b] — R be integrable and define

G(z) = /:gdy

for all x € [a,b]. Then G is continuous on [a, b]. If g is continuous at some ¢ € [a, b], then

G is differentiable at ¢ and G'(c) = g(c).
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